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The Gibbs adsorption isotherm for quaternary systems of water, weak base, HCl or NaOH, and NaCl in-
cluding a vapor-solution interface is expressed in terms of variations of chemical potentials of neutral components

added to make up the solution.

Four systems are treated, and the Gibbs convention is introduced in such a way

that the surface excess of added water is zero and the surface excesses of solute components are defined. ~Assuming
that the activity coefficients of solute components are unity, the lowering of surface tension is given in terms of
variations of total molar concentrations of weak base or its hydrochloride, HCI or NaOH, and NaCl, or of pH

of the solution.

Recently!?) we have established a general method
for applying the Gibbs adsorption isotherm to aqueous
solutions containing two or three electrolytic solutes,
either strong or weak. So far there has been no clear
cognizance for an electrolyte solution containing two
kinds of electrolytic solutes to be a multicomponent
system, and, when the Gibbs adsorption isotherm has
been applied to an aqueous solution of an ionic sur-
factant and a simple salt, the lowering of surface tension
of the solution has been exclusively connected with
the variation of surfactant concentration alone.3-9)
We have pointed out®:? that such an aqueous solution
must be treated as a ternary system and the lowering
of surface tension should be represented as a function
of variations of concentration of simple salt as well
as of surfactant concentration. The application of this
method to aqueous solutions of a cationic surfactant
has been exemplified previously”®) to derive the surface
excesses of various ions on the solution.

When we are concerned with aqueous solution of
a weak electrolyte such as an ionic-nonionic surfactant,
in the presence of a strong acid or base and a simple
salt, we have to treat the solution as a quaternary
system, and the lowering of its surface tension should be
related to the variations of concentrations of surfactant,
acid or base, and simple salt. In a previous paper®
we have applied the method to aqueous solution of a
cationic-nonionic surfactant in the presence of HCI
and NaCl, in which the lowering of surface tension
is expressed as a function of variations of concentra-
tions of surfactant and NaCl, as well as of degree
of neutralization instead of concentration of HCI.

In the present paper we will give a general treatment
of the Gibbs adsorption isotherm applied to aqueous
solution containing a weak base, HCl or NaOH, and
NaCl. Following four systems of added components
are considered: (I) H,O+D+HCI4NaCl, (IT) H,O+
D+NaOH+NaCl, (III) H,O-+DHCI+HCI+NaCl,
and (IV) H,O+DHCI4+NaOH+NaCl, where D is a
weak base capable of combining with H+ to form a
cation DH*. Final results will be given in the form
as a function of variations of molar concentrations
of added components, D or DHCIl, HCl or NaOH,
and NaCl, or alternatively, of molar concentrations
of two components, D or DHCI, and NaCl, and pH
of the solution. These equations enable us to derive
the surface excesses of total base (D-+DHt), added
HCl or NaOH, and NaCl from the derivatives of

surface tension with respect to concentrations of added
base (D) or its hydrochloride (DHCI), and of NaCl,
as well as to concentration of added HCIl or NaOH,
or, alternatively, to pH of the solution.

Expressions in Terms of Chemical
Potentials

A plane surface of aqueous solution formed by dis-
solving a weak base D or its hydrochloride DHCI,
strong acid HCI or alkali NaOH, and NaCl into water
will be treated with reference to its surface tension
at constant temperature. The plane surface forms a
vapor-solution interface. Since the weak base D com-
bines with H+ to form a cation DH* in water, or
DH* dissociates into D and H* in water, and water
itself consists of H,O, H+, and OH-, the Gibbs adsorp-
tion isotherm for the vapor-solution interface can be
written in terms of chemical potentials of species

— dy = I'g,odptm,0 + I'ndpp + I'wedpm+ + I'pa-dppn
+ I'yardptxar + Iop-dpton- + I'or-dptcr-s 1
where y is the surface tension of solution, I'; and
u, are the surface excess and chemical potential of
species, i. Equation 1 is subject to several conditions
of equilibrium and stoichiometry. Among them, water
and the weak base are in ionization equilibrium,
respectively, respresented by
Hu,0 = Um+ + Hom-, @)
Hpr* = Hp + U+ 3
Furthermore, stoichiometric relations hold for strong
electrolytes:

HUpro1 = HUpm* + HUot- 4)
HMuc1 = Ma+ + Uer, (5a)
HUNsom = UNat + Hom-, (5b)

HUxscl = Unat + Hor-- (6)

Equations 2 and 3, together with the electroneutrality
condition among surface excesses of ionic species

I'g+ + I'pa* + I'xe* = Lo~ + o, (7)

reduce the number of variables in Eq. 1 from 7 to
4. Individual cases will be demonstrated below, and
Eq. 1 may be represented in terms of variations of
chemical potentials of four added components, i.e.,
H,O, D or DHCI, HCl or NaOH, and NaCl.

Since the number of variances should be 3 for the
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quaternary system including an interface or two phases
at constant temperature, the Gibbs convention must
be introduced, so that the surface excess of solvent,
i.e., water, may vanish. The expression of the Gibbs
convention for the individual cases is not necessarily
given in a comprehensive form, but it proves to rep-
resent that the total surface excess of added water
counted as moles of H,O is zero.1?)

Thus, Eq. 1 can be completely converted into a
form consisting of independent variables alone, and
the lowering of surface tension is given by variations
of chemical potentials of added solute components.

Expressions in Terms of Solute
Concentrations

When we express the chemical potentials of added
components in terms of their molar concentrations,
we can obtain the Gibbs adsorption isotherm in the
form given by the variations of molar concentrations
of added solutes. To do this in a tractable form,
we make an assumption that the solution is ideal and
the activity coefficients of added solute components
are unity. Let the molar concentration of added D
or DHCI be C, that of added HCl or NaOH be C, or
Cs, and that of NaCl be Cg, respectively. Then the
chemical potentials are given by

o = up® + RT In Cp (8a)
Uprcr = Mdre + RT In Gpu+Car- (8b)
Uucr = Mo + RT In Cg+Cor- (92)
UNaoH = Ueon + RT In Cxy+Com- (9b)
Hxact = Hyacr + RT In Cyy+Gor-, (10)

where the superfix o refers to the standard states.
There are several restrictions among the molar con-
centrations of species present in the solution, Gy, Cpy+,
Cy*s Cya*s Com-> and Cy,-. Concentrations of counter ion,
Cy- and coion, Cy,+, for the surfactant ion are given
by C, or Cy and Cg. If the ionic product of water is
defined by K, the molar concentrations of H+ and
OH- are mutually dependent by means of Eq. 2, i.e.,

Cy+Con- = Ky. (11)
If the degree of ionization or protonation is «, the

molar concentrations of base, in unionized and ionized
forms, are given by

Cp = (1—a)C and Cpy+ = oG, (12)
and the ionization equilibrium, Eq. 3, is defined by
the ionization constant

l—a

Ca+ = K. (13)

o

There is the condition of electroneutrality in bulk
Cu+ + Com+ + Cya+ = Com- + CGor-- (14)

Then we can obtain Cy+ or o as a function of C
and C, or Cy for individual cases. For this purpose,
however, we have to solve a cubic equation with
respect to Cy+ or a, which is derived by substituting
Egs. 11, 12, and 13 into Eq. 14. For the derivation
of the Gibbs adsorption equation it is not necessary to
have Cy+ or o itself but to evaluate dCy+ or de, and,
consequently, we differentiate the cubic equation with
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respect to C and C, or Cy and obtain dCy+ or da as a
function of dC and dC, or dCz. The function includes
o explicitly, and for numerical evaluation we have
to calculate it from C, C,, or Cg, and K and K, by
solving the cubic equation.

The final form of the Gibbs adsorption isotherm
is written

—dy =RT{I",dInC + 'sdInCx + I'ldInCs),  (15)

where X is A for HCl and B for NaOH. It should
be noted, however, that values of I', and I'y do
not imply the surface excesses of HCl and NaOH,
respectively. Values of Iy, I'y, and I'y; can be
evaluated from the derivatives of surface tension with
respect to molar concentrations of added components.

Alternatively, we are often interested in assigning
pH of a solution rather than giving molar concentra-
tion of HCl or NaOH added. In such cases we must
express o in terms of Cg+ from Eq. 13 and then C, or
Cy in terms of Cy+ and C from the cubic equation
of Cy+ as mentioned above.

The lowering of surface tension is then given by

—dy =RT{eWdInC + I'n'dInCq+ + [',[dInGs},  (16)

where I', can be obtained from the derivative of
surface tension at constant pH with respect to molar
concentration of the weak base or its hydrochloride,
and I', can be evaluated from the variation of surface
tension with pH. [I', is identical with that in Eq. 15.

(I) Hy,O+4D+HCl+ NaCl. This system was
treated previously,? and a modification of the derived
equations was applied to surface tension of aqueous
solutions of a nonionic-cationic surfactant at different
degrees of neutralization. The Gibbs convention has
the form

FHzO + FOH' = 0, (17)
and the Gibbs adsorption isotherm can be written as
—dy = (I'p+I'pa*)dup + (- —I'va)dptuar

+ I'ya+dpinecr- (18)
Concentrations of counterion and coion are given by
C(;l- = CA + Cs and CNa.‘ = Cs. (19)
For Eq. 15 we have
2C o
Ty = (1450 ot Fow) = (o =), (209)
Qa Qs
O!CA
I'y=— (I'p+I'pg+)
Qa
Ca Ca > Ca
(A Vo — A T 20b
( Qs CatGs /) @ Qs " (200)
C:
I's= —CTA:—GSF(H- + I'xas (20c)
where
Qs =a(2—2)C — Cx + 20x+ (20d)
= —®C + Cs + 2Con-- (20e)
Solving Egs. 20a,b,c we have
1
I'p + I'pg+ = —‘{(HA—“zo)Pz
Hy
aC
+ —C:_(CA'I'ZCS)FA — aCFs}, (213.)
A



July, 1980]
Cy+C 1
Fop = _ﬁ_Siapz + ——(Hy—Ca—2C)T's + r3},
Hy Cy
(21b)
r —L{— sy — -85 (Hy—Ca—2C5)T
Na* = H, algl o Ca A A s}t A
+ (-G}, @l
where
HA = 20(0 + 2Cs + 2CH’ (2ld)
= 2CA + 2Cs + 2C0H-. (216)
Similarly, for Eq. 16 we have
C
Io= T B 22
¢ FD+FDH+CA+CSFCI (22a)

I'n = —a(l'p+I'pp) + <1+—CA%_—ACS>F01- — o

(22b)
and, solving Egs. 22 and 20c, we have

1
Iy + Ty = T{(HA——aZC)Fc — 2C( '+ 1’3)} (232)
A

Ca+Gs

o= 3% or i ryiry), (230)
A
1
Iy = —H—{—ozCs['c — CsI'y + (Ha—GCs)T5). (23c)
A

(1) H,0+D+ NaOH NaCl. In order to
suppress possible ionization of weak base dissolved in
water, NaOH is added to the solution. In this case
the Gibbs convention for the dividing surface is ex-
pressed by

I'go + I'ur + I'pur = 0, (24)
and the Gibbs adsorption isotherm has the form
—dy = (I'p+pa+)dup

+ (I'sa*—I"c1-)dpnaon + Ior-dptnacr - (25)
Concentrations of counterion and coion are given by
CCl' = Cs and CNa* = CB + Gs. (26)
For Eq. 15 we have
a2C ¢
r,= (1+——>(FD+PDH+) — 2 Po—Ty), (@7a)
Qs Qs
OCCB CB
I's = I'p+T'pg+) — I -
B QB ( D DH ) QB C1
Cs Cs >
_ B\
+( 0s + CatCo Na*s (27b)
— CS
I'y=Ta-+ CotCa Iy, (27¢)
where
Qg =a(2—a)C + Cp + 2Cy+, (27d)
= — o2C — CB + ZCOH-. (276)
Solving Eqs. 27a,b,c we have
1
I'p + I'pg+ = —{(HB—oﬁC)I—'a
Hy
aC
— 2 (Cat20)Ts + acra}, (28a)
B
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1 C:
FCI' = HB {OCCSFZ b ‘—C,]s;—(HB_a2C_CB)['B

+ (HB—cs)Ps}, (28b)

FN&.* = -———CB+CS {—OCFZ'I'—I (HB_“zc_CB)FB'I_Fs})
Hy Cg
(28¢)
where
Hg = 20C + 2Cg + 2Cs + 2Cy+ (28d)
= 2Cs + 2COH“- (286)
Similarly, for Eq. 16 we have
aC
c = = aty 9
r I's + I'pg CB+CSFN (292)
I'n = —a(I'p+I'pr+) + F(j}l' - <1+—C':I§Z'TBC—S>FNa ’
(29b)

and, solving Egs. 29 and 27c, we have
1
I'y + I'pg» = T{(HB—OCzC)Fc —aC(I'w+15)}), (30a)
B

1
I'g-= *H:{“Csrc + CsI'y + (Hp—GCs)I s}, (30b)
Tye = %&{_arc_rﬁ I's). (30¢)
B

(IlI) H,0-+DHCI+HCl+ NaCl. In order to
suppress possible hydrolysis of hydrochloride of weak
base, HCI is added to the solution. In this case
the Gibbs convention is written as

FHzO + FOH‘ = 0: (31)
and the Gibbs adsorption isotherm is given by

—dy = (I'p+I'pe+)duprct + (Ler-—I'o—1'pae

—I'yo*)dptner + I'nardinact (32)
Concentrations of counterion and coion are
Co- = G + Gy + Cs and Cy,+ = Gs. (33)

For Eq. 15 we have

ry= (1222 o o)

(1—)C c )1" (1-a)C
- — F aty
+< P, + G+ Ca+Gs o Py N
(34a)
aC
ry=- PA (I'p+'pu+)
A
CA CA CA
+( Py + C+Ca+Cs )FCI_ P Py (34b)
Cs
= - - + 4
Iy C+CA+CSFCI + I'naty (34c)
where
Py = —(1—a)?C — Gy + 2Cyy, (34d)
= (1=a®)C + Cs + 2Cog--. (34e)

Solving Eqs. 34a,b,c, we have
1
I'y + I'pg+ = —Z—{(ZA—“zC)Fz
A

C? [Za—(1+a) («C+ Cs) —aCal s —acr,,} ,
A
(352)
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_ Cc+ Ca+Gs
For = =222 lar, 4
X [Za—(140)C—Ca—2Cs] s + Fs}, (35b)
[yes = -l—{— aCsTy — ~S5[Z, — (14+0)C—C,
Na* = ZA st 2 CA A A
—2Cs]FA+(ZA—Cs)F3}, (350)
where
ZA = 2aC + 2Cs -+ 203* (35d)
=2C + 2CA + 2Cs + 2COH'- (356)
Similarly, for Eq. 16 we have
G
Fe"—-FD‘l‘PDH“‘l‘HgA_l_—CSFCI', (362)
I'y=—a(l'p+I'pr+)
P,
+ (1 +m)rcr — I'nat (36b)
and, solving Egs. 36 and 35c, we have
1
I'y + I'pg+ = -—Z—{(ZA——oczC)Fc — «G(Iw+ 1)}, (37a)
A
C+CLr+C;
T = —-I-Z;-l_s—(al“c+l"h+l"3), (37b)
A

1
FNa.’ = ——Z{— ozCsI'c - Csrh + (ZA—C’S)[':,}. (370)

(1Iv) H,0+DHCl!+ NaOH+- NaCl.
dividing surface is set in such a way that

I'gyo+ g —I'p =0, (38)
and the Gibbs adsorption isotherm is written as
—dy = (I'p+I'pa+)dgpaer + (U'p+pae+ et
~Io-)duaor + (I"ci-—I'n—I'pa+)dptxact-  (39)
Concentrations of counterion and coion are given by

The Gibbs

Co- = C + Cs and Cy,+ = Cg + Cs. (40)
For Eq. 15 we have
1—a)C
I-'z = (l——oLsz)—>(FD+FDH’)
B
(1—a)C , C )1" _ (=€
+( Pg + C+Cs o Py Ixacs
(41a)
C, G
I's= o;,BB (I'p+T'pr*) — Pz L'c-
CB CB
+ (—FB—+ m)rm*, (41b)
_ Cs CS
Ty C+Cs Por- + Cs+Gs Tracs (1)
where
Pg = — (1—2)*C + C + 2Cq+ (41d)
= (1—a®)C — Cp + 2Coxn-- (41e)

Solving Egs. 4la,b,c we have

1
I'y + I'pg+ = "Z—B{(ZB—“zc)Fz

-+

J 2y (14+aC—aC—(1+2)Cs)Ts
B

Shoichi IkEpA and Sumio Ozex1

[Vol. 53, No. 7

—C [zs—an +a)c—acs]1’3}, (42a)
Cs

C+C: 1
g = St0s {arz — o [Zs—(142)0~Ca—2GeI'n
B B
1
o [Ze—(I+0)GHGITS],  (420)
S
Cs+C
[yae = —BZ_Bi{_ ol
1
+ —C—[ZB—(l +a)C—Cp—2GCs] 'y
B
1
o [A+a)C+ G, (120)
S
where
Zy = 2aC + 2Cg + 2Cs + 2Cx, (42d)
= 2C + 2Cs + 2Cog-. (42¢)
Similarly, for Eq. 16 we have
o (1—a)C
= e o+ ~— " Cravy (&
I'e=TIp+ I'pa+ + C+CsFCl + CatCo Ixqr, (432)

P;
I'y=—a(l'p+Ipr+) + La- —(I+CB+BCS

and, solving Egs. 43 and 4lc, we have

)PM. (43b)

Iy + e = -Zl—Bi(ZB—oﬁC)I'c oGl

¢ [ZB—a(l+u)G—aCs]F3}, (44a)
]

G
Ig-= C+Gs {‘xrc']l'[’h
Zs
1
g Ze—(1+)0=Cll],  (44b)
S
Tyar = &"'_Cs_{_ aly — I'y
Zs
1
Fo [+0CHGIT). (0
S

Discussion

As was pointed out previously,1'?) it has been shown
that the Gibbs adsorption isotherm can be expressed
in either of two forms, i.e., in terms of variations of
chemical potentials of constituents of two types, for
an electrolyte solution. One is based on the ionic
and nonionic species present in the solution, as given
by Eq. 1, and the other is based on the neutral com-
ponents added to make up the solution. The former
expression is subject to various restrictions such as the
ionic equilibria, Eqs. 2 and 3, and the stoichiometry,
Egs. 4—7, among different species, while the latter
is free from such restrictions, except for setting the
position of dividing surface. It was demonstrated that
both expressions are equivalent and the dividing surface
should be carefully drawn only after the latter expres-
sion has been obtained. The Gibbs convention is
then expressed by Eq. 17, 24, 31, or 38, as is also il-
lustrated in the expression for the Gibbs-Duhem equa-
tion.1 As a result, the Gibbs adsorption isotherm
is expressed in the form of Egs. 18, 25, 32, or 39 by
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the variations of chemical potentials of all the solute
components added and their surface excesses can be
defined uniquely.

There has been a prevailing superstition that the
Gibbs adsorption isotherm should be written down
in terms of chemical potentials of ionic and nonionic
species present in the solution, since Guggenheim!)
gave it exclusively in this expression. Furthermore, this
expression has often lead to an erroneous expression
for the Gibbs convention in the cases containing weak
electrolytes or attending hydrolysis of salts, because
the ionization of water itself has been overlooked.3:11,1%)

After introducing the correct Gibbs convention, we
can proceed to convert the chemical potentials of
solute components into their (molar) concentrations,
by relying on some approximations. In the present
work we have made an approximation that the activity
coefficients of all the solute components are unity.
Even in this approximation, the calculation is intricate.
After a straightforward calculation, the lowering of
surface tension is expressed in terms of variations of
concentrations of added components, or of pH of solu-
tion, as given by Eq. 15 or 16. Then we can readi-
ly derive the surface excesses of three species, i.e.,
D-+DH+, Cl-, and Nat*, as functions of three ex-
perimentally measurable quantities, I'y, I'y, and I,
or I' , I, and I';. For the actual calculation we may
usually neglect Cy+ or Cyy- in the final equations.

It is not possible to separate the surface excess of
DH+ from that of D, nor to derive the surface excesses
of H+ and OH-, as far as only measurements of surface
tension are performed.

As special cases we will now derive expressions for
ternary systems without added HCl or NaOH. Two
systems, (I) and (II), reduce to H,O-+D+-NaCl,
and we put C,=0 and I'g-=I"y,-. Then we have

2C
Io+ Towe = (1= s (452)

1
I = Iya+ = '2'F 3 (45b)

Similarly, two other systems, (III) and (IV), reduce
to H;O+DHCI1+4NaCl, and we put Cx=0. Since the
surface excess of total added hydrochloride should be
equal to that of Cl~ not originating from added NaCl,
we have I'y+I'pg»=I¢,-—Iy,+. Then we obtain

FD + FDH’ = —-II:—{(C+2Cs)F2 - Cps} (463.)

C+Cs
Y

Fo-= {PT'; + 2Cq-T'3} (46b)
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1
Iypr = —Y—{CSPF2 + 2(C+Gs)Cu+1's}, (46¢)
where
P=— (1—0)%C + 2Cq+ = (1—02)C + 2Com-  (46d)
Y = — (1—a)2C? + 4(C+Cs)Ca
= 2(1—a?)C(C+2Cs) + 4(C+ Cs)Con-- (46€)

Finally we will suggest that formal conversion is
possible ‘from the quaternary systems containing a
weak base treated in this paper to those of a weak
acid treated in a previous paper,)) when I'pp+1I'p- is
substituted for I'y+Ipg+, and - and [I'y,. are
exchanged, in the equations cited below.

Equations, 20a,b,c, 2la,b,c, 22, and 23 hold for
(1) H,O+HD+NaOH-+Nadl, if C, and Cy+ in Egs.
20d and 21d are replaced by Cy and Cyy-, respectively.
Similarly, Egs. 27a,b,c, 28a, b, c, 29, and 30 are valid
for (II') H,O-+HD-++HCI+NaCl, if C; and Cy+ in
Egs. 27d and 28d are replaced by C, and Coy-,
respectively.

Equations 34a,b,c, 35a,b,c 36, and 37 hold for
(II1") H,O+NaD+NaOH-+Nadl, if C, and Cyy- in
Egs. 34e and 35e are replaced by Cy and Cy-, respec-
tively. Similarly, Egs. 4la,b,c, 42a,b,c, 43, and 44
are valid for (IV’) H,O-+NaD+HCI+NaCl, if Cg
and C,z- in Eqs. 4le and 42e are replaced by C,
and Cy+, respectively.
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